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Clustering in Machine Learning

• Common Clustering Methods
• k-means

• k-medians

• These are great for applications like 
segmenting pixels of images into 
key groups.

• How do we do this fairly using 
principals from social choice?

k-means objective
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cluster that’s too big!
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• Given
• Metric space 𝑀, 𝑑

• Set of data points (agents) 𝑁 ⊆ 𝑀

• Set of possible cluster centers X ⊆ M

• Goal: Find a Clustering 
𝐶  = {(C1, x1), (C2, x2), … , (Ck , xk)}
• C1, C2, … , Ck is a disjoint partition of N into k groups
• Assign each group Ct a center xt ∈ X

Formal Clustering Setup



• For a possible cluster 𝐶𝑡 , 𝑥𝑡 , the loss of each agent i ∈ 𝐶𝑡 is 
denoted as ℓi(𝐶𝑡 , 𝑥𝑡).

• For a clustering 𝐶  = {(C1, x1), (C2, x2), … , (Ck , xk)}, ℓi 𝐶 =
ℓi 𝐶𝑡 , 𝑥𝑡 . Where 𝑖 ∈ 𝐶𝑡

• 𝜶-Approximate Core
• For any α ≥ 1, a clustering is in the 𝛼-approximate core if there does not 

exist a group S of at least n/k agents which can deviate and form a new 
cluster with a center y ∈ X, and all improve their loss by at least a 
factor of 𝜶 in the process.

𝛼 ⋅ ℓi(S, y) < ℓi(C) ∀i ∈ S

Formal Clustering Setup



Two Kinds of Fair Clustering Algorithms

• How do we determine the loss function?
• Most Common: Want to be placed in clusters with points that are “close” to them.

Centroid Preferences [CFLM19]

Each agent wants to be as close as possible to the 
center of their assigned cluster.

Chen, Fain, Lyu, and Munagala [2019]

Non-Centroid Preferences [CMS24]

Each agent wants to be as close as possible to other 
agents in their cluster.

Caragiannis, Micha, and Shah [2024]



Centroid Clustering [CFLM19]

• Given
• Metric space M, d
• Set of data points N ⊆ M
• Set of possible cluster centers X ⊆ M

• Each data point’s loss is its distance to its assigned center.
• ℓi(C, x) = d(i, x)

• Common clustering methods like optimizing k-means or k-medians 
cannot guarantee a constant approximation of the core in this model. 



Centroid Clustering [CFLM19]

A simple algorithm called Greedy Capture guarantees a constant 
approximation of the core.
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𝑥𝑡

y
𝑖∗

j
𝑖∗ is the first agent from 𝑆 captured by the algorithm.

𝑥𝑡 is the center that captured 𝑖∗.

At the timestep where 𝑥𝑡 captures, y has not yet 
captured S. Thus, there must be some j ∈ S with 

𝑑 𝑗, 𝑦 ≥ 𝑑 𝑖∗, 𝑥𝑡 .
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Two Kinds of Fair Clustering Algorithms

• Assume the points have preferences over the clusters they are placed in.
• Most Common: Want to be placed in clusters with points that are close to them.
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Non-Centroid Clustering [CMS24]

• Given
• Metric space 𝑀, 𝑑

• Set of data points 𝑁 ⊆ 𝑀

• Set of possible cluster centers X ⊆ M

• Each data point’s loss is its distance to the farthest agent in its cluster.
• ℓi(C, x) = maxj ∈ Cd(i, j)



Non-Centroid Clustering [CMS24]

Greedy Capture
n = 6, k = 2
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Non-Centroid Clustering [CMS24]

Greedy Capture
n = 6, k = 2

Greedy Capture gets a 2 approximation of the non-centroid core



Two Kinds of Fair Clustering Algorithms

In both settings, Greedy Capture is used to achieve a constant 
approximation of the core.

Centroid Preferences [CFLM19] Non-Centroid Preferences [CMS24]

Each agent wants to be as close as possible to the 
center of their assigned cluster.

Chen, Fain, Lyu, and Munagala [2019]

Each agent wants to be as close as possible to other 
agents in their cluster.

Caragiannis, Micha, and Shah [2024]



Two Kinds of Fair Clustering Algorithms

Question: Does Greedy Capture achieve a constant approximation of the 
core for both centroid and non-centroid loss in this model?
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Problem: There are some differences between Greedy Capture in the 
centroid and non-centroid settings.

• Difference 1: In centroid clustering, the balls grow around the centers. 
In non-centroid, the balls grow around the agents.
• This difference isn’t a big deal

Unified Clustering
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• Difference 1: In centroid clustering, the balls grow around the centers. 
In non-centroid, the balls grow around the agents.
• This difference isn’t a big deal
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the center that captured them.
• This is bad.

Unified Clustering
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Unified Clustering

Hey!



Centroid Clustering [CFLM19]
Greedy Capture gets a 1 + 2 ≈ 2.414 approximation of the centroid core
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Question: Does Greedy Capture achieve a constant 
approximation of the core for both centroid and non-centroid loss 
in this model?
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Question: Does Greedy Capture achieve a constant 
approximation of the core for both centroid and non-centroid loss 
in this model?

Answer: NO. In fact, stronger impossibility!

It is impossible to always find a clustering that gets a constant 
approximation of both types of core.

Unified Clustering



Updated Unified Clustering Model:

• Given
• Two Metric spaces 𝑀, 𝑑𝑐 , 𝑀, 𝑑𝑚 over the same set of points M.

• Set of data points 𝑁 ⊆ 𝑀

• Set of possible cluster centers X ⊆ M

Unified Clustering



Updated Unified Clustering Model:

• Given
• Two Metric spaces 𝑀, 𝑑𝑐 , 𝑀, 𝑑𝑚 over the same set of points M.
• Set of data points 𝑁 ⊆ 𝑀
• Set of possible cluster centers X ⊆ M

• Find a clustering 𝐶  = {(C1, x1), (C2, x2), … , (Ck , xk)},

• Each kind of loss comes from a different metric space
• Centroid Loss: ℓ𝑖

𝑐 𝐶, 𝑥 = 𝑑𝑐 𝑖, 𝑥 .
• Non-Centroid Loss: ℓ𝑖

𝑚 𝐶, 𝑥 = maxj ∈ C𝑑
𝑚 𝑖, 𝑗 .

• Unified Loss: ℓi(C, x) = ℓ𝑖
𝑚 𝐶, 𝑥 + ℓ𝑖

𝑐 𝐶, 𝑥

Unified Clustering



In this Unified Model:

There exists an algorithm that gets a 3-approximation of the core for any
two metric spaces.

Unified Clustering



• For Social Choice
• Many interesting theoretical questions remain.

• Better bounds on the core for both centroid and non-centroid loss.

• For Machine Learning
• Generally, consider the core objective when clustering people.

• Which common clustering algorithm get the best core approximation in practice?

• How does the core interact with traditional clustering objectives?

Conclusion
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